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all-loop 4-point partial
amplitude in planar

N = 4 SYM
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Loops in a Loop Expansion

1. Why are we expanding?

2. What are we expanding?

3. How are we expanding?

Shruti Paranjape Loops of Loops CMSA Conference 3 / 36



Loops in a Loop Expansion

1. Why are we expanding?

2. What are we expanding?

3. How are we expanding?

Shruti Paranjape Loops of Loops CMSA Conference 3 / 36



Loops in a Loop Expansion

1. Why are we expanding?

2. What are we expanding?

3. How are we expanding?

Shruti Paranjape Loops of Loops CMSA Conference 3 / 36



Why are we expanding?
Can we resum perturbative results to calculate quantities at strong
coupling?

AL =

∫
IL

e.g. I3 =
{ }

[Bern, Dixon, Smirnov]

I4 =
{ }

[Bern, Czakon, Dixon, Kosower, Smirnov]
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Resummation

Two examples of subsets of diagrams being resummed:

1. All ladders in ϕ3

g≫1−→ O(e−gϕ/(2π
√
s))

[Broadhurst, Davydychev]

2. All “trees in loop space” in N = 4 SYM

[Arkani-Hamed, Henn, Trnka]

Both of these are ad-hoc selection of graphs to resum with different results.
Does the resummation capture the strong coupling behaviour of the
quantity of interest?
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This Talk

Yes! ... in some examples.

Why did this subset capture strong coupling behaviour? Is this a good
approximation? Can we go to the next order?

This talk: Loops in a loop expansion

1. Why are we expanding? ✓
2. What are we expanding?

3. How are we expanding?
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What are we expanding?

At L-loop, the amplitude has divergences, ML ∼ 1
ϵ2L

.

Divergences were shown to have special structure ⇒ BDS Ansatz:

Mn = exp
[∑∞

l=1 g
l
(
f (l)(ϵ)M(1)

n (lϵ) + C (l) + E
(l)
n (ϵ)

)]

E
(l)
n (0) = 0

non-iterative terms

constant

all-ϵ 1-loop amplitude

f (l)(ϵ) = f
(l)
0 + ϵf

(l)
1 + ϵ2f

(l)
2

cusp anomalous dimension

for n = 4, 5
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IR Finite Quantities

BDS ansatz suggests we should look at

logM4 =
Γcusp
ϵ2

+O(ϵ)

The divergence is milder. But is there an IR finite quantity we can
compute instead?

Consider the integrand of log ML =
∫
Ω̃L.

Since each integration gives 1
ϵ2
, doing all but one integral gives an IR finite

quantity that can only depend on

z =
⟨AB12⟩⟨AB34⟩
⟨AB14⟩⟨AB23⟩

due to dual conformal invariance of the integrand.
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A Third Loop

We denote:

FL(z) =

∫

all but one

Ω̃L ⇒ F(g , z) =
∞∑

L=1

FL(z)g
2L

Wilson loop ↔ amplitude duality tells us that this quantity is

<latexit sha1_base64="QPoEOqzoJVni3BrqkR/PgcC387s=">AAAB/3icbVDLSgNBEOyNr7i+VgUvXgazQgQJuwHRixAUxGME84BkCbOTSTJk9sHMrBDXHPwVLx4U8epvePNvnCR70GhBQ1HVTXeXH3MmleN8GbmFxaXllfyquba+sbllbe/UZZQIQmsk4pFo+lhSzkJaU0xx2owFxYHPacMfXk78xh0VkkXhrRrF1AtwP2Q9RrDSUsfas20zbRPM0dW42D++P0LnyLTtjlVwSs4U6C9xM1KADNWO9dnuRiQJaKgIx1K2XCdWXoqFYoTTsdlOJI0xGeI+bWka4oBKL53eP0aHWumiXiR0hQpN1Z8TKQ6kHAW+7gywGsh5byL+57US1TvzUhbGiaIhmS3qJRypCE3CQF0mKFF8pAkmgulbERlggYnSkZk6BHf+5b+kXi65JyXnplyoXGRx5GEfDqAILpxCBa6hCjUg8ABP8AKvxqPxbLwZ77PWnJHN7MIvGB/fJCKS8g==</latexit>F(g, z) =

[Alday, Buchbinder, Tsytelin, Engelund, Roiban,

Henn, Sikorowski, Korchemsky, Mistlberger,

Chicherin...]

This integrand F(g , z) can be used to obtain Γcusp.
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This Talk

Can we get all-loop results beyond the “tree” approximation?

Can we capture g ≫ 1 behaviour from the all-loop integrand given via the
amplituhedron?

1. Why are we expanding? ✓
2. What are we expanding? ✓
3. How are we expanding?
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How are we expanding?

The amplituhedron is a polytope in twistor space whose volume gives tree
amplitudes and loop integrands in N = 4 SYM.

[Arkani-Hamed, Trnka]

In practice, calculating this volume form involves triangulation which is
non-trivial. We take an algebraic approach.
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Four-Point Amplituhedron

At L-loop, introduce L lines in momentum twistor space,

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

Zi −→ External momentum
twistors
ABi −→ Loop lines

Zi satisfy ⟨1234⟩ > 0, while ABi satisfy the following conditions:

⟨ABiaa+1⟩ > 0 ⟨ABi13⟩ < 0 ⟨ABi24⟩ < 0 ⟨ABiABj⟩ > 0

We are looking for a canonical form on the space carved out by these
inequalities that has logarithmic singularities on the boundaries.
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Form of the Form

The first set of inequalities reduce to

xi , yi ,wi , zi > 0

where we use ZAi
= Z1 + xiZ2 − yiZ4 , ZBi

= Z3 + wiZ2 + ziZ4 .

This part of the form is easy,

ΩL ∼
L∏

i=1

dxi
xi

dyi
yi

dzi
zi

dwi

wi

The mutual conditions ⟨ABiABj⟩ > 0 are quadratic and harder to see. We
can work simplex by simplex, e.g.

−(x2−x1)(w2−w1)− (y2−y1)(z2−z1) > 0 ⇒ w2 > w1 +
(y1−y2)(z1−z2)

(x1−x2)
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Form of the Form
This in a particular simplex

x1 > x2, y1 > y2, z1 > z2,w2 > w1

Ω
(1)
2 ⊃ dw2

w2 − w1 − (y1−y2)(z1−z2)
(x1−x2)

.

Adding up the contributions,

Ω2 =
8∑

i=1

Ω
(i)
2

This increases quickly in complexity.
Instead we will try to fix the form using cut conditions directly in ABi

variables:

ΩL =

∫ NL

DL
dµL dµL =

L∏

i=1

⟨ABid
2Ai ⟩⟨ABid

2Bi ⟩
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Numerators
1-Loop:

⟨1234⟩2dµ
⟨AB12⟩⟨AB23⟩⟨AB34⟩⟨AB14⟩ =

dx1
x1

dy1
y1

dz1
z1

dw1

w1

2-Loop: Now more complicated in x , y , z ,w , involving mutual
conditions.

N2⟨1234⟩2dµ
⟨AB1AB2⟩

∏2
i=1⟨ABi12⟩⟨ABi23⟩⟨ABi34⟩⟨ABi14⟩

̸=
∏

i

dxi
xi

dyi
yi

dzi
zi

dwi

wi

3-Loop: Even more complicated...

We can represent these conditions via a graph:
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Log Form

We would like log ML =
∫
Ω̃L where

Ω̃1 =Ω1(AB)

Ω̃2 =Ω2(AB,CD)− Ω1(AB)Ω1(CD)

Ω̃3 =Ω3(AB,CD,EF )− Ω2(AB,CD)Ω1(EF )− cyc

+ 2Ω1(AB)Ω1(CD)Ω1(EF )

...

Are these canonical forms on a different space?

Yes!
[Arkani-Hamed, Henn, Trnka]
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Negative Geometries
Use the relation:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>
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AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>=
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Negative Geometries
Use the relation:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>=
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Negative Geometries
Use the relation:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>=
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Negative Geometries

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)

So we get the expansion:
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Negative Geometries

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)

Recall our initial motivation was to get strong coupling results.

F(g , z)
Γcusp(g)
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Ladder and Tree Resummation
Results at strong coupling:

F ladder(g , z)
g≫1−→ 0 , Γladder(g)

g≫1−→ 4
√
2g

F tree(g , z)
g≫1−→ −z

(1 + z)2
, Γtree(g)

g≫1−→ 8

π
g

F true(g , z)
g≫1−→ g

z (2(1−z)+(z+1) log z)

(z−1)3
, Γtrue(g)

g≫1−→ 2g

[Benna, Benvenuti, Klebanov, Scardicchio] [Basso,Korchemsky, Kotanski]

[Alday, Buchbinder, Tsytelin][Beisert, Eden, Staudacher][Arkani-Hamed, Henn, Trnka]

At weak coupling, we compare this to known results from integrability:

Does 1-loop in loop space bring us closer? Our aim!
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Fixing Integrands

Denominator: Fixed by pole structure

1
∏L

i=1

∏4
a=1⟨ABiaa+ 1⟩

× 1∏
ij⟨ABiABj⟩

Numerator: Must vanish on unphysical cuts:

1. Cuts that violate the positivity or negativity of the links or vertices:
Involve one link i.e. two vertices at a time.

2. Cuts that expose a double pole: Involve all vertices in a cycle.

Second cut is irrelevant in the tree case and as a result, the tree numerator
can be built link by link.
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Examples of Cuts

Positive cuts: A cut that violates ⟨ABCD⟩ > 0, such as

⟨AB12⟩ = ⟨AB34⟩ = ⟨CD23⟩ = ⟨CD14⟩ = 0

⇒x2 = y1 = z1 = w2 = 0

⇒⟨ABCD⟩ = −x1w1 − y2z2 < 0

Negative cuts: A cut that violates ⟨ABCD⟩ < 0, such as

⟨AB12⟩ = ⟨AB14⟩ = ⟨CD23⟩ = ⟨CD34⟩ = 0

⇒x1 = y1 = z2 = w2 = 0

⇒⟨ABCD⟩ = x1w2 + y1z2 > 0

Depending on the type of link, we will require that the numerator vanishes
on either type of cut.
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Tree Result

<latexit sha1_base64="HT8EkPP27ydu+XnBCN0IfYDdkRk=">AAACBXicbVA9SwNBEN2LX/H8ilpqsZgIVuEuINoIAQvtjGA+IInH3mYuWbJ7d+zuCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz485U9pxvq3c0vLK6lp+3d7Y3NreKezuNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJz4zQeQikXhnR7F0BWkH7KAUaKN5BUOSyW7cyOgT7yr+7QjBdYSYIwvsF0qeYWiU3amwIvEzUgRZah5ha9OL6KJgFBTTpRqu06suymRmlEOY7uTKIgJHZI+tA0NiQDVTadfjPGxUXo4iKSpUOOp+nsiJUKpkfBNpyB6oOa9ifif1050cN5NWRgnGkI6WxQkHOsITyLBPSaBaj4yhFDJzK2YDogkVJvgbBOCO//yImlUyu5p2bmtFKtOFkceHaAjdIJcdIaq6BrVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A8hKliA=</latexit>

⌦tree
G =

<latexit sha1_base64="XHMYz73QV+zTyXZ/NTJg+HhIyVY="></latexit>

=
dµ NGQ

i Di · QlinkshABiABji

NG =⟨1234⟩L+1 ×
∏

pos links

N
(+)
ij ×

∏

neg links

N
(−)
ij

N
(+)
ij ≡ ⟨ABi12⟩⟨ABj34⟩+ cyc

N
(−)
ij ≡ ⟨ABi13⟩⟨ABj24⟩+ ⟨ABi24⟩⟨ABj13⟩
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Example of Cuts

Double pole cuts: Once there is a cycle, ⟨ABi12⟩ = 0 and ⟨ABiABi+1⟩ = 0
forces ⟨AB1ABL⟩ = 0. Pictorially,

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1
<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="JwPOXxdTDCDvZKhHgksBHBSh0S8=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WWwETyUpiB4LXjxWsB/QhrLZbtqlm03Y3agl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weGRc1xpqySThLZIwhPZDbGinAna0kxz2k0lxXHIaSec3Mz9zgOViiXiXk9TGsR4JFjECNZGGjgV17X7ko3GGkuZPNquiwZO1at5C6B14hekCgWaA+erP0xIFlOhCcdK9Xwv1UGOpWaE05ndzxRNMZngEe0ZKnBMVZAvbp+hc6MMUZRIU0Kjhfp7IsexUtM4NJ0x1mO16s3F/7xepqPrIGcizTQVZLkoyjjSCZoHgYZMUqL51BBMJDO3IjLGEhNt4rJNCP7qy+ukXa/5lzXvrl5teEUcZTiFM7gAH66gAbfQhBYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/AH1ucPepySuA==</latexit>!

<latexit sha1_base64="ud0Jd7MIjZkCIsLXX/tpKX0p07U=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKHqTsFkSPFS8eK9gPaZeSTbNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF6WcaeP7305hbX1jc6u47e7s7u0flA6PmjrJFKENkvBEtSOsKWeSNgwznLZTRbGIOG1Fo9uZ33qiSrNEPphxSkOBB5LFjGBjpUfPc296get5vVLZr/hzoFUS5KQMOeq90le3n5BMUGkIx1p3Aj814QQrwwinU7ebaZpiMsID2rFUYkF1OJkfPEVnVumjOFG2pEFz9ffEBAutxyKynQKboV72ZuJ/Xicz8XU4YTLNDJVksSjOODIJmn2P+kxRYvjYEkwUs7ciMsQKE2Mzcm0IwfLLq6RZrQSXFf++Wq5d5HEU4QRO4RwCuIIa3EEdGkBAwDO8wpujnBfn3flYtBacfOYY/sD5/AGNKo41</latexit>

A1
<latexit sha1_base64="5bMOUEZ6CtuRPCPxqIuagSr1VLw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8VLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1asMv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A4/ljjo=</latexit>

A2
<latexit sha1_base64="v8FgclYL/VrYLlTyk1yMBrNAdsM=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5G5jjw=</latexit>

A3
<latexit sha1_base64="izPW35fKOjX9NsNYtR6P4vW/NTY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmvVPI4inMApnEMAV1CDO6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP5ONjj4=</latexit>

A4

<latexit sha1_base64="TKLgrSD2VSv111QKnp6QMHt82ao=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+4Hpev1L1a/4caJUEBalCgWa/8tUbJCQTVBrCsdbdwE9NmGNlGOF06vYyTVNMxnhIu5ZKLKgO8/nBU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJr8KcyTQzVJLFojjjyCRo9j0aMEWJ4RNLMFHM3orICCtMjM3ItSEEyy+vkna9FlzU/Lt6tVEv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5CBjjw=</latexit>

B1
<latexit sha1_base64="bH2JtgO7OBICfrpafc8x792o0Sw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1aiMo4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5G7jjw=</latexit>

B2
<latexit sha1_base64="RRfE7Hgu6vpv61ONiFeC01BPWbo=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5NCjj0=</latexit>

B3
<latexit sha1_base64="92BBqq6qsYqSSE8RYxKVT2e7lhY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5TJjj4=</latexit>

B4

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1
<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="TKLgrSD2VSv111QKnp6QMHt82ao=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+4Hpev1L1a/4caJUEBalCgWa/8tUbJCQTVBrCsdbdwE9NmGNlGOF06vYyTVNMxnhIu5ZKLKgO8/nBU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJr8KcyTQzVJLFojjjyCRo9j0aMEWJ4RNLMFHM3orICCtMjM3ItSEEyy+vkna9FlzU/Lt6tVEv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5CBjjw=</latexit>

B1
<latexit sha1_base64="bH2JtgO7OBICfrpafc8x792o0Sw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1aiMo4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5G7jjw=</latexit>

B2
<latexit sha1_base64="RRfE7Hgu6vpv61ONiFeC01BPWbo=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5NCjj0=</latexit>

B3

<latexit sha1_base64="92BBqq6qsYqSSE8RYxKVT2e7lhY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5TJjj4=</latexit>

B4

<latexit sha1_base64="MtHOvS4F+K8mQcY1L33iecJV0qk=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8VLx4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZQ2Nre2d8q77t7+weFR5fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZW6niee+t63qBS9Wv+AmidBAWpQoHmoPLVHyYkE1QawrHWvcBPTZhjZRjhdOb2M01TTCZ4RHuWSiyoDvPFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/83qZiW/CnMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNyLUhBKsvr5N2vRZc1fyHerURFHGU4QzO4RICuIYG3EMTWkBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9nRY2W</latexit>

A

Crucially, Ntree vanishes on “positive” and “negative” cuts respectively,
but not on double pole cuts.

So we need to introduce a remainder that cancels out the contribution of
Ntree on double pole cuts.
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Remainders at 1-Loop

We decompose the 1-loop numerators as

∏

pos links

N
(+)
ij ×

∏

neg links

N
(−)
ij + RL

This same remainder function (up to sign) appears in different loops:

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="j9K+J1Af5fgftZsCEKcUdfH9oDw="></latexit>

=
N

(+)
12 N

(�)
23 N

(�)
13 + R123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

<latexit sha1_base64="dpjHuKxkaxvzWx3izfyTLijdXf8=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIFWlJKmI3QsGNOyvYB7QxTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WJGhbSsby23tLyyupZf1zc2t7Z3jN29pogSjkkDRyzibQ8JwmhIGpJKRtoxJyjwGGl5w6uJ33ogXNAovJOjmDgB6ofUpxhJJbnGgWnq3ZuA9JF7dp8WT0ulkzG8hLppukbBKltTwEViZ6QAMtRd46vbi3ASkFBihoTo2FYsnRRxSTEjY72bCBIjPER90lE0RAERTjp9YQyPldKDfsRVhRJO1d8TKQqEGAWe6gyQHIh5byL+53US6VedlIZxIkmIZ4v8hEEZwUkesEc5wZKNFEGYU3UrxAPEEZYqNV2FYM+/vEialbJ9XrZuK4VaNYsjDw7BESgCG1yAGrgGddAAGDyCZ/AK3rQn7UV71z5mrTktm9kHf6B9/gC+mJPB</latexit>

⌦
(+��)
3 =

<latexit sha1_base64="1xDIuIQjvF/5JJWo5u/Qo/akEWA="></latexit>

=
N

(�)
12 N

(�)
23 N

(�)
13 � R123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="LcK5gaFepbBs8rkz15teN+i5Xqc=">AAACAnicbVDLSsNAFJ34rPEVdSVuBhuhLlqSitiNUHDjzgr2AW0Mk+m0HTqZhJmJUEJx46+4caGIW7/CnX/jtM1CWw9cOJxzL/feE8SMSuU438bS8srq2npuw9zc2t7Ztfb2GzJKBCZ1HLFItAIkCaOc1BVVjLRiQVAYMNIMhlcTv/lAhKQRv1OjmHgh6nPaoxgpLfnWoW2bnZuQ9JF/dp8WisXi6RheQtO2fSvvlJwp4CJxM5IHGWq+9dXpRjgJCVeYISnbrhMrL0VCUczI2OwkksQID1GftDXlKCTSS6cvjOGJVrqwFwldXMGp+nsiRaGUozDQnSFSAznvTcT/vHaiehUvpTxOFOF4tqiXMKgiOMkDdqkgWLGRJggLqm+FeIAEwkqnZuoQ3PmXF0mjXHLPS85tOV+tZHHkwBE4BgXgggtQBdegBuoAg0fwDF7Bm/FkvBjvxsesdcnIZg7AHxifP8G0k8M=</latexit>

⌦
(���)
3 =

Thus R must vanish on both “positive” and “negative” cuts ⇒ it must be
built out of a certain building blocks.
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

NG =
∏L

i=1 N
(−)
i,i+1 + (−1)LR1−loop

L

R1−loop
L =

{
(2L−4)N

(a)
1 N

(a)
2 · · ·N(a)

L

−
∑

p∈even

∑

i

{
N

(a)
i1i2...ip

N
(c)
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N
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ip+1 · · ·N

(a)
iL

}}
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N
(a)
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∏

j∈odd

⟨ABj12⟩
∏

k∈even

⟨ABk34⟩+
∏

j∈odd
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∏
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N
(b)
12...p =

∏

j∈odd
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∏
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⟨ABk14⟩+
∏

j∈odd
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∏
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⟨ABk23⟩

N
(c)
12...p =

∏
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∏
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∏
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∏
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5
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Adding Branches

Since branches do not add any new double pole conditions, it is simple to
guess what the result is for a generic configuration.

NG =
∏

links

N
(−)
ij + (−1)L

′ ∏

branches

N
(−)
ij × R1−loop

L′
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Loop Decomposition

The 1-loop answer split into two parts:

1. Part that vanishes on all “tree” cuts

1. Part that is required for “1-loop” cut

This inspires the following general decomposition:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="J+s6rs7/anun1tzOhvvBHOBvGRA=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDaCq5IURDdCwYWupIJ9QBvCZDpth04ezEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMknEnlON9GaW19Y3OrvG3u7O7tH1iHR20Zp4LQFol5LLoBlpSziLYUU5x2E0FxGHDaCSbXM7/zSIVkcfSgsoR6IR5FbMgIVlryrYptm3mfYI7upv4NukKmbftW1ak5c6BV4hakCgWavvXVH8QkDWmkCMdS9lwnUV6OhWKE06nZTyVNMJngEe1pGuGQSi+fHz9Fp1oZoGEsdEUKzdXfEzkOpczCQHeGWI3lsjcT//N6qRpeejmLklTRiCwWDVOOVIxmSaABE5QonmmCiWD6VkTGWGCidF6mDsFdfnmVtOs197zm3NerjXoRRxmO4QTOwIULaMAtNKEFBDJ4hld4M56MF+Pd+Fi0loxipgJ/YHz+AJT1khQ=</latexit>

NG =
<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

There is only one unknown piece which is

R2−loop
1234,13 = 0 on any cut when ⟨ABiABj⟩ has a definite sign
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Loop Decomposition

The 1-loop answer split into two parts:

1. Part that vanishes on all “tree” cuts

1. Part that is required for “1-loop” cut

This inspires the following general decomposition:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="J+s6rs7/anun1tzOhvvBHOBvGRA=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDaCq5IURDdCwYWupIJ9QBvCZDpth04ezEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMknEnlON9GaW19Y3OrvG3u7O7tH1iHR20Zp4LQFol5LLoBlpSziLYUU5x2E0FxGHDaCSbXM7/zSIVkcfSgsoR6IR5FbMgIVlryrYptm3mfYI7upv4NukKmbftW1ak5c6BV4hakCgWavvXVH8QkDWmkCMdS9lwnUV6OhWKE06nZTyVNMJngEe1pGuGQSi+fHz9Fp1oZoGEsdEUKzdXfEzkOpczCQHeGWI3lsjcT//N6qRpeejmLklTRiCwWDVOOVIxmSaABE5QonmmCiWD6VkTGWGCidF6mDsFdfnmVtOs197zm3NerjXoRRxmO4QTOwIULaMAtNKEFBDJ4hld4M56MF+Pd+Fi0loxipgJ/YHz+AJT1khQ=</latexit>

NG =
<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

There is only one unknown piece which is

R2−loop
1234,13 = 0 on any cut when ⟨ABiABj⟩ has a definite sign
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Moving Forward
Ideally, we have the pipeline:

F(g , z)
Γcusp(g)

But for generic cycles, the integrated result is not known.

The 3-loop cycle (i.e. the triangle) is known. We can use differential
equations to find triangle + branches.

Even in this case, resummation is unclear...
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Using Differential Equations

1. Action of Laplace operator

□x0

1

(x − x0)2
= −4π2iδ4(x − x0)

On the integrand (rewritten in some appropriate way), this collapses a
propagator:

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

<latexit sha1_base64="lOnNvzBajxW0Bzpk9NofLx+uqMw=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUboqSQF0YtQ8OKxgv2ANpTNdtMu3d2E3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6WcaeP7387G5tb2zm5pz90/ODw6Lp+ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSh3Pc29dzxuUK37NXwCtk6AgFSjQHJS/+sOEZIJKQzjWuhf4qQlzrAwjnM7cfqZpiskEj2jPUokF1WG+OHeGLq0yRHGibEmDFurviRwLracisp0Cm7Fe9ebif14vM/FNmDOZZoZKslwUZxyZBM1/R0OmKDF8agkmitlbERljhYmxCbk2hGD15XXSrteCq5r/UK80qkUcJTiHC6hCANfQgHtoQgsITOAZXuHNSZ0X5935WLZuOMXMGfyB8/kDXnSNiQ==</latexit>=
<latexit sha1_base64="71fQKOzAalIgvgRnUTgyOX+mQtQ=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g43gqiRF0WXRjcsK9gFtCJPppB06mQkzk9IS+iduXCji1j9x5984bbPQ1gMXDufcy733RCmjSnvet1Xa2Nza3inv2nv7B4dHzvFJS4lMYtLEggnZiZAijHLS1FQz0kklQUnESDsa3c/99phIRQV/0tOUBAkacBpTjLSRQsdxXbt3JyZhPgm9me26oVPxqt4CcJ34BamAAo3Q+er1Bc4SwjVmSKmu76U6yJHUFDMys3uZIinCIzQgXUM5SogK8sXlM3hhlD6MhTTFNVyovydylCg1TSLTmSA9VKveXPzP62Y6vg1yytNME46Xi+KMQS3gPAbYp5JgzaaGICypuRXiIZIIaxOWbULwV19eJ61a1b+ueo+1Sv2qiKMMzsA5uAQ+uAF18AAaoAkwGINn8ArerNx6sd6tj2VrySpmTsEfWJ8/zbORxg==</latexit>⇤x0

2. Factorization occurs around the unintegrated loop:
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

<latexit sha1_base64="2EnHZuKl3eKcS5gotpCGhGovess=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwEVyWpiC6LbnRXwT6gjWEynbZDZzJhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee6KEUaU979sqLC2vrK4V1+2Nza3tHWd3r6FEKjGpY8GEbEVIEUZjUtdUM9JKJEE8YqQZDa8mfvOBSEVFfKdHCQk46se0RzHSRgqdA9e1b+6zjuQQC0nG4antuqFT8sreFHCR+DkpgRy10PnqdAVOOYk1Zkiptu8lOsiQ1BQzMrY7qSIJwkPUJ21DY8SJCrLp9WN4bJQu7AlpKtZwqv6eyBBXasQj08mRHqh5byL+57VT3bsIMhonqSYxni3qpQxqASdRwC6VBGs2MgRhSc2tEA+QRFibwGwTgj//8iJpVMr+Wdm7rZSql3kcRXAIjsAJ8ME5qIJrUAN1gMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w98/5NO</latexit>

Icore
3

<latexit sha1_base64="DblYcFvNQQ1uIxLKUa8pBxsEI8k=">AAACAXicbVBNS8NAEN34WeNX1YvgZbER6qUkBdFj0YveKtgPaGvYbKft0t0k7G6EEurFv+LFgyJe/Rfe/Ddu2xy09cHA470ZZuYFMWdKu+63tbS8srq2ntuwN7e2d3bze/t1FSWSQo1GPJLNgCjgLISaZppDM5ZARMChEQyvJn7jAaRiUXinRzF0BOmHrMco0Uby84eOY9/cp20psJYAYz8teqdj23H8fMEtuVPgReJlpIAyVP38V7sb0URAqCknSrU8N9adlEjNKIex3U4UxIQOSR9ahoZEgOqk0w/G+MQoXdyLpKlQ46n6eyIlQqmRCEynIHqg5r2J+J/XSnTvopOyME40hHS2qJdwrCM8iQN3mQSq+cgQQiUzt2I6IJJQbUKzTQje/MuLpF4ueWcl97ZcqFxmceTQETpGReShc1RB16iKaoiiR/SMXtGb9WS9WO/Wx6x1ycpmDtAfWJ8/KJqUxA==</latexit>

Itree
(1)

<latexit sha1_base64="MRszwQJL0JO8NbEleLwL6PtdkRk=">AAACAXicbVBNS8NAEN34WeNX1YvgZbER6qUkBdFj0YveKtgPaGvYbKft0t0k7G6EEurFv+LFgyJe/Rfe/Ddu2xy09cHA470ZZuYFMWdKu+63tbS8srq2ntuwN7e2d3bze/t1FSWSQo1GPJLNgCjgLISaZppDM5ZARMChEQyvJn7jAaRiUXinRzF0BOmHrMco0Uby84eOY9/cp20psJYAYz8tlk/HtuP4+YJbcqfAi8TLSAFlqPr5r3Y3oomAUFNOlGp5bqw7KZGaUQ5ju50oiAkdkj60DA2JANVJpx+M8YlRurgXSVOhxlP190RKhFIjEZhOQfRAzXsT8T+vlejeRSdlYZxoCOlsUS/hWEd4EgfuMglU85EhhEpmbsV0QCSh2oRmmxC8+ZcXSb1c8s5K7m25ULnM4sihI3SMishD56iCrlEV1RBFj+gZvaI368l6sd6tj1nrkpXNHKA/sD5/ACojlMU=</latexit>

Itree
(2)

<latexit sha1_base64="E7sJM4FRcLA8QLipcIOXD1dpKV8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+lXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbL/JhkM/tx2nX6m6NXcBtE68glShQKtf+fIHCcliKjThWKme56Y6yLHUjHA6s/1M0RSTMR7SnqECx1QF+eLoGbowygBFiTQlNFqovydyHCs1jUPTGWM9UqveXPzP62U6uglyJtJMU0GWi6KMI52geQJowCQlmk8NwUQycysiIywx0SYn24Tgrb68Tjr1mndVc+/r1UaziKMMZ3AOl+DBNTTgDlrQBgJP8Ayv8GZNrBfr3fpYtpasYuYU/sD6/AEFOZBO</latexit> (

<latexit sha1_base64="XPA+ug5ODALtS0P1zkX7W2263xk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8pmu2mXbnbD7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OW1pmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYqe157o3ref1yxa/6c6BVEhSkAgUa/fJXbyBJllBhCMdadwM/NWGOlWGE06nbyzRNMRnjIe1aKnBCdZjPz52ic6sMUCyVLWHQXP09keNE60kS2c4Em5Fe9mbif143M/F1mDORZoYKslgUZxwZiWa/owFTlBg+sQQTxeytiIywwsTYhFwbQrD88ipp1arBZdV/qFXqt0UcJTiFM7iAAK6gDvfQgCYQGMMzvMKbkzovzrvzsWhdc4qZE/gD5/MHZkaNow==</latexit>=

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

<latexit sha1_base64="36tbsdB9LY57+Lzun+KRiEl2ElA=">AAAB83icbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgu4TZyWwyZPbBTK8QQn7DiwdFvPoz3vwbJ8keNLGgoajqprsrzKTQ6LrfVmljc2t7p7xr7+0fHB5Vjk/aOs0V4y2WylR1Q6q5FAlvoUDJu5niNA4l74Tju7nfeeJKizR5xEnGg5gOExEJRtFIvuPYPoqYa9tx+pWqW3MXIOvEK0gVCjT7lS9/kLI85gkySbXueW6GwZQqFEzyme3nmmeUjemQ9wxNqNkTTBc3z8iFUQYkSpWpBMlC/T0xpbHWkzg0nTHFkV715uJ/Xi/H6CaYiiTLkSdsuSjKJcGUzAMgA6E4QzkxhDIlzK2EjaiiDE1MtgnBW315nbTrNe+q5j7Uq43bIo4ynME5XIIH19CAe2hCCxhk8Ayv8Gbl1ov1bn0sW0tWMXMKf2B9/gCYPZAW</latexit>⇥
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="36tbsdB9LY57+Lzun+KRiEl2ElA=">AAAB83icbVDLSgNBEOyNr7i+oh69DGYFT2E3IHoMevEYwTwgu4TZyWwyZPbBTK8QQn7DiwdFvPoz3vwbJ8keNLGgoajqprsrzKTQ6LrfVmljc2t7p7xr7+0fHB5Vjk/aOs0V4y2WylR1Q6q5FAlvoUDJu5niNA4l74Tju7nfeeJKizR5xEnGg5gOExEJRtFIvuPYPoqYa9tx+pWqW3MXIOvEK0gVCjT7lS9/kLI85gkySbXueW6GwZQqFEzyme3nmmeUjemQ9wxNqNkTTBc3z8iFUQYkSpWpBMlC/T0xpbHWkzg0nTHFkV715uJ/Xi/H6CaYiiTLkSdsuSjKJcGUzAMgA6E4QzkxhDIlzK2EjaiiDE1MtgnBW315nbTrNe+q5j7Uq43bIo4ynME5XIIH19CAe2hCCxhk8Ayv8Gbl1ov1bn0sW0tWMXMKf2B9/gCYPZAW</latexit>⇥

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

<latexit sha1_base64="E7sJM4FRcLA8QLipcIOXD1dpKV8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+lXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbL/JhkM/tx2nX6m6NXcBtE68glShQKtf+fIHCcliKjThWKme56Y6yLHUjHA6s/1M0RSTMR7SnqECx1QF+eLoGbowygBFiTQlNFqovydyHCs1jUPTGWM9UqveXPzP62U6uglyJtJMU0GWi6KMI52geQJowCQlmk8NwUQycysiIywx0SYn24Tgrb68Tjr1mndVc+/r1UaziKMMZ3AOl+DBNTTgDlrQBgJP8Ayv8GZNrBfr3fpYtpasYuYU/sD6/AEFOZBO</latexit> ( <latexit sha1_base64="E7sJM4FRcLA8QLipcIOXD1dpKV8=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+lXjxWsK3QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV332yptbG5t75R37b39g8OjyvFJRyWZJLRNEp7IxxArypmgbc00p4+ppDgOOe2G49u5351QqVgiHvQ0pUGMh4JFjGBtpMBxbL/JhkM/tx2nX6m6NXcBtE68glShQKtf+fIHCcliKjThWKme56Y6yLHUjHA6s/1M0RSTMR7SnqECx1QF+eLoGbowygBFiTQlNFqovydyHCs1jUPTGWM9UqveXPzP62U6uglyJtJMU0GWi6KMI52geQJowCQlmk8NwUQycysiIywx0SYn24Tgrb68Tjr1mndVc+/r1UaziKMMZ3AOl+DBNTTgDlrQBgJP8Ayv8GZNrBfr3fpYtpasYuYU/sD6/AEFOZBO</latexit> (
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Triangles and Friends

We can invert this Laplacian equation by assuming:

1. Result can be written in terms of HPLs

2. F(z → −1) = 0

3. F(1z ) = F(z)

The last two are consequences of the structure of the integrand.

This gives us all integrals of the type:
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

But not those of the type:

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
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Integrated Results: An Example

I3,1(z) = 8H0,0,0,0,0,0(z) + 8H0,0,−1,0,0,0(z)−16H0,0,−1,−1,0,0(z)

+ 8H0,0,−2,0,0(z)− 8ζ3(2H0,0,−1(z)− H0,0,0(z))

+ 4π2(H0,0,−1,0(z)− H0,0,−1,−1(z) + H0,0,−2(z)) +
13π4

90
log2(z)

+ C3,1 log(z) + D3,1 ,

To fix the constants that, we impose the boundary conditions

C3,1 = −16ζ3,2 + 12π2ζ3 − 80ζ5

D3,1 = 16ζ3,3 − 16ζ23 +
289π6

1890
.
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Extracting Γcusp

We have another integral to perform,

g
∂

∂g
Γcusp =

∮
F (z)dz

Integrating gives,

g2 g4 g6 g8 g10 g12 g14

Γtree/Γtrue 1 1 1.091 1.198 1.353 1.579 1.893

Γ△,n/Γtrue 0 0 -0.091 -0.053 -0.059 -0.074 -0.097

Γtree,△,n/Γtrue 1 1 1 1.145 1.294 1.505 1.796
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Exact Results from Differential Equations
The ladder and tree results did not come from explicit resummation, but
rather by solving differential equations:

1

2
(z∂z)

2F ladder + g2F ladder = 0

1

2
(z∂z)

2 logF tree + g2F tree = 0

A similar equation can be set up for the triangle.

Alternatively, we can
directly use:

g
∂

∂g
Γcusp =

∮
F△(z)Fladder(z)dz
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Future Directions

▶ Can these contributions be resummed?

▶ Can the other 1- or higher-cycle integrands be integrated?

▶ What other quantities can we use similar approximations for?

▶ Which contributions/how many cycles capture F(g , z) at strong
coupling?

▶ Do these results have nice structure at the symbol level?
...
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Thank You
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