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Constructing Scattering Amplitudes
Usual method:

1 Write down Lagrangian L - easy

2 Extract Feynman rules - sort of easy

3 Draw all Feynman diagrams - sort of hard

4 Calculate all diagrams and sum - hard

The calculation is organized in a perturbative series:
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Example: Gluon Amplitudes

VQCD ∼ g f abc∂µAa
µA

b
νA

cν + g2f abc f adeAa
µA

b
νA

dµAeν

In QCD: g(p1)g(p2) → g(p3)g(p4)g(p5)g(p6)

Approximately 220 Feynman diagrams:

+ · · ·
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Glimpse at the Calculations by Parke and Taylor (1985)
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Feynman Doesn’t Rule
Parke-Taylor formula (1986):

An(1
−2−3+ · · · n+) = ⟨12⟩4

⟨12⟩⟨23⟩ · · · ⟨n − 1, n⟩⟨n1⟩
Why is this simple?

Symmetry
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unitarity cuts

differential equations

Landau analysis

?

IR finiteness

positivity integrands

resummations

integrals
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N = 4 SYM
▶ Color-ordered amplitudes have much fewer singularities.

▶ Tree amplitudes are constructible recursively.
[Britto, Cachazo, Feng, Witten]

▶ It has dual conformal symmetry.
[Drummond, Korchemsky, Sokatchev]

▶ It has a holographic dual which one can check answers against or
make predictions for.

[Maldacena]

▶ There exists a polytope description of its Feynman integrands
(amplituhedron).

[Arkani-Hamed, Trnka]

▶ The integrals lead to a space of functions with a well-defined symbol.
[Goncharov, Spradlin, Vergu, Volovich]

▶ Symbol bootstrap via properties such as cluster adjacency.
[Drummond, Foster, Gürdoǵan]

...
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Negative Geometries: Loops in a Loop Expansion

1. Why are we expanding?

2. What are we expanding?

3. How are we expanding?
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Why are we expanding?
Lots of new high-loop results available:

AL =

∫
IL

e.g. I3 =
{ }

[Bern, Dixon, Smirnov]

I4 =
{ }

[Bern, Czakon, Dixon, Kosower, Smirnov]

Can we resum perturbative results to calculate quantities at strong
coupling?
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Resummation

Two examples of subsets of diagrams being resummed1:

1. All ladders in ϕ3 (see Siddharth’s talk!)

[Broadhurst, Davydychev]

2. All “trees in loop space” in N = 4 SYM

[Arkani-Hamed, Henn, Trnka]

Both of these are ad-hoc selection of graphs to resum with different results.
Does the resummation capture the strong coupling behaviour of the
quantity of interest?

1There are important examples of resummations in specific limits such as ℏ → 0.
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This Talk

Yes! ... in some examples.

Why did this subset capture strong coupling behaviour? Is this a good
approximation? Can we go to the next order?

This talk: Loops in a loop expansion

1. Why are we expanding? ✓

2. What are we expanding?

3. How are we expanding?
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What are we expanding?

At L-loop, the amplitude has divergences, M(L) ∼ 1
ϵ2L

.

Divergences were shown to have special structure ⇒ BDS Ansatz:

Mn = exp
[∑∞

l=1 g
l
(
f (l)(ϵ)M(1)

n (lϵ) + C (l) + E
(l)
n (ϵ)

)]

f (l)(ϵ) = f
(l)
0 + ϵf

(l)
1 + ϵ2f

(l)
2

cusp anomalous dimension

constant

E
(l)
n (0) = 0

non-iterative terms

all-ϵ 1-loop amplitude

for n = 4, 5
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IR Finite Quantities

BDS ansatz suggests we should look at

logM4 =
ΓcuspM(1)

(−2)

ϵ2
+O(ϵ)

The divergence is milder. But is there an IR finite quantity we can
compute instead?

Consider the integrand of log M(L)
4 =

∫
Ω̃L.

Since each integration gives 1
ϵ2
, doing all but one integral gives an IR finite

quantity that can only depend on

z =
⟨AB12⟩⟨AB34⟩
⟨AB14⟩⟨AB23⟩

due to dual conformal invariance of the integrand.
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A Third Loop

We denote:

FL(z) =

∫

all but one

Ω̃L ⇒ F(g , z) =
∞∑

L=1

FL(z)g
2L

Wilson loop ↔ amplitude duality tells us that this quantity is

<latexit sha1_base64="QPoEOqzoJVni3BrqkR/PgcC387s=">AAAB/3icbVDLSgNBEOyNr7i+VgUvXgazQgQJuwHRixAUxGME84BkCbOTSTJk9sHMrBDXHPwVLx4U8epvePNvnCR70GhBQ1HVTXeXH3MmleN8GbmFxaXllfyquba+sbllbe/UZZQIQmsk4pFo+lhSzkJaU0xx2owFxYHPacMfXk78xh0VkkXhrRrF1AtwP2Q9RrDSUsfas20zbRPM0dW42D++P0LnyLTtjlVwSs4U6C9xM1KADNWO9dnuRiQJaKgIx1K2XCdWXoqFYoTTsdlOJI0xGeI+bWka4oBKL53eP0aHWumiXiR0hQpN1Z8TKQ6kHAW+7gywGsh5byL+57US1TvzUhbGiaIhmS3qJRypCE3CQF0mKFF8pAkmgulbERlggYnSkZk6BHf+5b+kXi65JyXnplyoXGRx5GEfDqAILpxCBa6hCjUg8ABP8AKvxqPxbLwZ77PWnJHN7MIvGB/fJCKS8g==</latexit>F(g, z) =

[Alday, Buchbinder, Tsytelin, Engelund, Roiban,

Henn, Sikorowski, Korchemsky, Mistlberger,

Chicherin...]

This integrand F(g , z) can be used to obtain Γcusp.
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Known Asymptotic Behaviour
Results from integrability, but no strong coupling results from amplitudes:

[Beisert, Eden, Staudacher]

F(g , z) →
{
−g2 + g4(log2 z + π2) + · · · g ≪ 1

g z
(z−1)3

(2(1− z) + (z + 1) log z) + · · · g ≫ 1

As we saw this is related to a particular ratio of Wilson loops.
[Alday, Henn, Sirkowski] [Henn, Korchemsky, Mistlberger]

Γ(g) →
{
4g2 − 8ζ2g

4 + · · · g ≪ 1

2g − 3 log 2
2π + · · · g ≫ 1

Perturbative regime results can be reproduced from amplitudes.
[Bern, Czakon, Dixon, Kosower, Smirnov]

Strong coupling regime results can be reproduced from minimal surface
anchored to the boundary at a null polygon.

[Benna, Benvenuti, Klebanov, Scardicchio] [Basso,Korchemsky, Kotanski]

[Alday, Buchbinder, Tsytelin]
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This Talk

Can we get all-loop results for F(z) and Γcusp?

Can we capture g ≫ 1 behaviour from the all-loop integrand given via the
amplituhedron?

Can we better understand the function space of F(z) and the number
space of Γcusp?

1. Why are we expanding? ✓

2. What are we expanding? ✓

3. How are we expanding?
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How are we expanding?

The amplituhedron is a polytope in twistor space whose volume gives tree
amplitudes and loop integrands in N = 4 SYM.

[Arkani-Hamed, Trnka]

In practice, calculating this volume form involves triangulation which is
non-trivial. We take an algebraic approach.
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Quick Recap of Momentum Twistors

For dual conformal quantities, it is useful to use (super-)momentum
twistors Z I . Important to remember:

▶ I = 1, · · · , 4, but Z I is projective.

▶ Any choice of Z ’s will obey momentum conservation.

▶ One point in Z space corresponds to one external momentum.

▶ SU(2, 2) invariants are given by 4-brackets i.e. determinants
⟨1234⟩ = ϵIJKLZ 1

I Z
2
J Z

3
KZ

4
L .
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Four-Point Amplituhedron∗

At L-loop, introduce L lines in momentum twistor space,

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

Zi → External momentum twistors
ABi → Loop lines

Zi satisfy ⟨1234⟩ > 0, while ABi satisfy the following conditions:

⟨ABiaa+1⟩ > 0 ⟨ABi13⟩ < 0 ⟨ABi24⟩ < 0 ⟨ABiABj⟩ < 0

We are looking for a canonical form on the space carved out by these
inequalities i.e. a form that has logarithmic singularities on all the
boundaries and at no other location.
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Numerators
1-Loop:

⟨1234⟩2dµ
⟨AB12⟩⟨AB23⟩⟨AB34⟩⟨AB14⟩

2-Loop: Now has a non-trivial numerator that ensures that unphysical
cuts have vanishing residues..

N2⟨1234⟩2dµ
⟨AB1AB2⟩

∏2
i=1⟨ABi12⟩⟨ABi23⟩⟨ABi34⟩⟨ABi14⟩

3-Loop: Similar structure, but more complicated...

We can represent the negative geometry expansion via sums over
connected graphs:

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)
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Ladder and Tree Resummation
[Arkani-Hamed, Henn, Trnka]

Results:

F ladder(g , z)
g≫1−→ 0 , Γladder(g)

g≫1−→ 4
√
2g − 4

log 2

π
+

4

π
e−2

√
2πg + · · ·

F tree(g , z)
g≫1−→ −z

(1 + z)2
, Γtree(g)

g≫1−→ 8

π
g +

1

π

1

g
+ · · ·

Fknown(g , z)
g≫1−→ O(g) , Γknown(g)

g≫1−→ 2g − 3 log 2

2π
+ · · ·

How does this compare to known perturbative results from integrability?

Does 1-loop in loop space bring us closer? Our aim!
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Fixing Integrands

Denominator: Fixed by pole structure

1
∏L

i=1

∏4
a=1⟨ABiaa+ 1⟩

× 1∏
ij⟨ABiABj⟩

Numerator: Must vanish on unphysical cuts:

1. Cuts that violate the positivity or negativity of the links or vertices:
Involve one link i.e. two vertices at a time.

2. Cuts that expose a double pole: Involve all vertices in a cycle.

Second cut is irrelevant in the tree case and as a result, the tree numerator
can be built link by link.
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Tree Result

<latexit sha1_base64="HT8EkPP27ydu+XnBCN0IfYDdkRk=">AAACBXicbVA9SwNBEN2LX/H8ilpqsZgIVuEuINoIAQvtjGA+IInH3mYuWbJ7d+zuCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz485U9pxvq3c0vLK6lp+3d7Y3NreKezuNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJz4zQeQikXhnR7F0BWkH7KAUaKN5BUOSyW7cyOgT7yr+7QjBdYSYIwvsF0qeYWiU3amwIvEzUgRZah5ha9OL6KJgFBTTpRqu06suymRmlEOY7uTKIgJHZI+tA0NiQDVTadfjPGxUXo4iKSpUOOp+nsiJUKpkfBNpyB6oOa9ifif1050cN5NWRgnGkI6WxQkHOsITyLBPSaBaj4yhFDJzK2YDogkVJvgbBOCO//yImlUyu5p2bmtFKtOFkceHaAjdIJcdIaq6BrVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A8hKliA=</latexit>

⌦tree
G =

<latexit sha1_base64="XHMYz73QV+zTyXZ/NTJg+HhIyVY="></latexit>

=
dµ NGQ

i Di · QlinkshABiABji

NG =⟨1234⟩L+1 ×
∏

pos links

N
(+)
ij ×

∏

neg links

N
(−)
ij

N
(+)
ij ≡ ⟨ABi12⟩⟨ABj34⟩+ cyc

N
(−)
ij ≡ ⟨ABi13⟩⟨ABj24⟩+ ⟨ABi24⟩⟨ABj13⟩
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

NG =
∏L

i=1 N
(−)
i,i+1 + (−1)LR1−loop

L

R1−loop
L =

{
(2L−4)N

(a)
1 N

(a)
2 · · ·N(a)

L

−
∑

p∈even

∑

i

{
N

(a)
i1i2...ip

N
(c)
i1i2...ip

N
(a)
ip+1 · · ·N

(a)
iL

}}
+(a→b)

N
(a)
12...p =

∏

j∈odd

⟨ABj12⟩
∏

k∈even

⟨ABk34⟩+
∏

j∈odd

⟨ABj34⟩
∏

k∈even

⟨ABk12⟩

N
(b)
12...p =

∏

j∈odd

⟨ABj23⟩
∏

k∈even

⟨ABk14⟩+
∏

j∈odd

⟨ABj14⟩
∏

k∈even

⟨ABk23⟩

N
(c)
12...p =

∏

j∈odd

⟨ABj13⟩
∏

k∈even

⟨ABk24⟩+
∏

j∈odd

⟨ABj24⟩
∏

k∈even

⟨ABk13⟩

[Brown, Oktem, SP, Trnka]
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>
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<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

NG =
∏L

i=1 N
(−)
i,i+1 + (−1)LR1−loop

L

R1−loop
L =

{
(2L−4)N

(a)
1 N

(a)
2 · · ·N(a)

L

−
∑

p∈even

∑

i

{
N

(a)
i1i2...ip

N
(c)
i1i2...ip

N
(a)
ip+1 · · ·N

(a)
iL

}}
+(a→b)

N
(a)
12...p =

∏

j∈odd

⟨ABj12⟩
∏

k∈even

⟨ABk34⟩+
∏

j∈odd

⟨ABj34⟩
∏

k∈even

⟨ABk12⟩

N
(b)
12...p =

∏

j∈odd

⟨ABj23⟩
∏

k∈even

⟨ABk14⟩+
∏

j∈odd

⟨ABj14⟩
∏

k∈even

⟨ABk23⟩

N
(c)
12...p =

∏

j∈odd

⟨ABj13⟩
∏

k∈even

⟨ABk24⟩+
∏

j∈odd

⟨ABj24⟩
∏

k∈even

⟨ABk13⟩

[Brown, Oktem, SP, Trnka]
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Moving Forward
Ideally, we have the pipeline:

F(g , z)
Γcusp(g)

But for generic cycles, the integrated result is not known.

The 3-loop and 4-loop cycle (i.e. the triangle and box) are known. We can
use differential equations to find triangle/box + branches.

And in this case, resummation is possible.

Shruti Paranjape Negative Geometries ISM 2025 24 / 34



Moving Forward
Ideally, we have the pipeline:

F(g , z)
Γcusp(g)

But for generic cycles, the integrated result is not known.

The 3-loop and 4-loop cycle (i.e. the triangle and box) are known. We can
use differential equations to find triangle/box + branches.

And in this case, resummation is possible.

Shruti Paranjape Negative Geometries ISM 2025 24 / 34



Triangles and Friends

We can use differential equations and the following conditions:

1. Result can be written in terms of harmonic polylogarithms (HPLs)

2. F(z → −1) = 0

3. F(1z ) = F(z)

The first can be seen from Landau analysis. The last two are consequences
of the structure of the integrand.

This gives us all integrals of the type:
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

[Brown, Oktem, SP, Trnka]
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Integrated Results: Single Branch

I3,1(z) = 8H0,0,0,0,0,0(z) + 8H0,0,−1,0,0,0(z)−16H0,0,−1,−1,0,0(z)

+ 8H0,0,−2,0,0(z)− 8ζ3(2H0,0,−1(z)− H0,0,0(z))

+ 4π2(H0,0,−1,0(z)− H0,0,−1,−1(z) + H0,0,−2(z)) + 13ζ4 log
2(z)

+ C3,1 log(z) + D3,1 ,

To fix the constants that, we impose the boundary conditions

C3,1 = −16ζ3,2 + 12π2ζ3 − 80ζ5

D3,1 = 16ζ3,3 − 16ζ23 +
289

2
ζ6.
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Integrated Results: n-Branch Triangle

I3,n(z) = (−1)n

[
8H0⃗2n,0,0,0,0

(z) + 8H0⃗2n,−1,0,0,0(z)−16H0⃗2n,−1,−1,0,0(z)+8H0⃗2n,0,−1,0,0(z)

− 16ζ3 H0⃗2n,−1(z) + 4π2
(
H0⃗2n,−1,0(z)− 2H0⃗2n,−1,−1(z) + H0⃗2n,−2(z)

)
+ 26ζ4

1

(2n)!
log2n(z) + 8ζ3

1

(2n + 1)!
log2n+1(z)

+
n∑

k=1

(−1)k
(

Ck

[2(n − k) + 1]!
log z2(n−k)+1 +

Dk

[2(n − k)]!
log z2(n−k)

)]
.

where the constants are fixed recursively using the boundary conditions.

Note: Only harmonic polylogarithms appear here i.e. the only branch
points/singularities are at z = 0, 1,−1.

[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Extracting Γcusp

We have another integral to perform,

g
∂

∂g
Γcusp =

∮
F (z)dz

Integrating gives,

g2 g4 g6 g8 g10 g12 g14

Γtree/Γtrue 1 1 1.091 1.198 1.353 1.579 1.893

Γ△,n/Γtrue 0 0 -0.091 -0.053 -0.059 -0.074 -0.097

Γtree,△,n/Γtrue 1 1 1 1.145 1.294 1.505 1.796

[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Γcusp for n-branch Triangle

In = βn + (−1)n
[
16 ζ2n+2,2 − 32

n∑

k=1

k ζ2k+1 ζ2(n−k)+3

+
n∑

j=0

ξj+1 π
2j
(
−ζ3,2(n−j)+1 + [2(n − j) + 1]ζ2(n−j)+2,2

+ (n − j + 1)[2(n − j) + 1]ζ2(n−j)+3,1

)]
,

where βn is purely made of even zeta values, i.e. powers of π.

It is clear that this result has uniform transcendentality of 2n+4 i.e. 2L.

Similar formula available for box + n-branch.
[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Resumming Γcusp
Since we know the resummation of the ladder, we can focus on the cusp
anomalous dimension:
∮
F△(z)Fladder(z) = g

∂

∂g
Γcusp

[

• •

•

• • • · · ·

]

g≫1∼ 11

45
π3

√
2g5 −

(
8γ +

π2

3

)
g4 +

√
2
(
4ζ3 + π2 − 3γ − 2

)

π
g3 + · · ·

g≫1∼ 10.71g5 − 7.98g4 + 4.86g3 − 2.07g2 + 0.47g

Does this mean that the expansion will not work at strong coupling?
Maybe.

Yet the contribution from the box is
∮

F□(z)Fladder(z) = g
∂

∂g
Γcusp

[

• •

• •

• • • · · ·

]

g≫1∼ 1.88g7 − 2.13g6 − 0.04g5 + 0.83g4 − 0.73g3 + 0.36g2 − 0.08g

The 1-cylce contributions can resum!
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Other Geometries

•

•

•x

Symbol(I3,2) =

12
(
8 SB(z , z , z , z , b, b) + 2 SB(z , z , z , b, z , b) + 2 SB(z , z , z , b, b, z)

+ 28 SB(z , z , z , z , z , z) + 8 SB(z , z , z , z , z , 1+z) + 16 SB(z , z , z , z , 1+z , z)

− 8 SB(z , z , z , z , 1+z , 1+z) + 18 SB(z , z , z , 1+z , z , z)− 2 SB(z , z , z , 1+z , z , 1+z)

− 2 SB(z , z , z , 1+z , 1+z , z) + 30 SB(z , z , 1+z , z , z , z)− 6 SB(z , z , 1+z , z , z , 1+z)

− 22 SB(z , z , 1+z , z , 1+z , z)− 32 SB(z , z , 1+z , 1+z , z , z)
)
,

where

b =
1 + i

√
z

1− i
√
z
, z = s/t .

The additional letter b shows up at individual negative geometry (starting
from 4th entry), but drops out in the F (3) after sum.
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Features of the Result

▶ Γcusp for tree graphs at L-loop has transcendentality 2L with single
zeta values, but no MZVs.

▶ As the number of cycles increases, the depth of the MZVs also
increase e.g. 1-cycle has MZVs of depth 2.

▶ Integrated 1-cycle results are made of HPL’s rather than GPL’s
(spurious letters that appear at higher-cycle cancel).

[SP, Skowronek, Spradlin, Volovich] (WIP)

▶ Higher the weight of the starting HPL, higher the g power of the
resummed contribution.
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Future Directions

▶ Can the other 1- or higher-cycle integrands be integrated?

▶ Can all 1-cycle contributions be resummed?

▶ If yes, will that give us a good approximation to the cusp anomalous
dimension?

▶ What other quantities can we use similar approximations for?

▶ Can geometric Landau analysis prove that the only singularities and
branch points will occur at z = 0, 1,−1?

...
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