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N = 4 SYM
▶ Color-ordered amplitudes have fewer singularities.
▶ Tree amplitudes are constructible recursively.

[Britto, Cachazo, Feng, Witten]

▶ It has dual conformal symmetry.
[Drummond, Korchemsky, Sokatchev]

▶ It has a holographic dual which one can check answers against or
make predictions for.

[Maldacena]

▶ There exists a polytope description of its Feynman integrands
(amplituhedron).

[Arkani-Hamed, Trnka]

▶ Some integrals lead to a space of functions with a well-defined
symbol.

[Goncharov, Spradlin, Vergu, Volovich]

▶ Symbol bootstrap via properties such as cluster adjacency.
[Drummond, Foster, Gürdoǵan]

...
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IR Singularities

At L-loop, the amplitude has divergences, M(L) ∼ 1
ϵ2L

.

Divergences were shown to have special structure ⇒ BDS Ansatz:

M4 = exp
[∑∞

l=1 g
l
(
f (l)(ϵ)M(1)

n (lϵ) + C (l) + E
(l)
n (ϵ)

)]

f (l)(ϵ) = f
(l)
0 + ϵf

(l)
1 + ϵ2f

(l)
2

cusp anomalous dimension

constant

E
(l)
n (0) = 0

non-iterative terms

all-ϵ 1-loop amplitude
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IR Finite Quantities

BDS ansatz suggests we should look at

logM =
ΓcuspM(1)

(−2)

ϵ2
+O(ϵ)

The divergence is milder. But is there an IR finite quantity we can
compute instead?

Consider the integrand of log M(L)
4 =

∫
Ω̃L.

Since each integration gives 1
ϵ2
, doing all but one integral gives an IR finite

quantity that can only depend on

z =
⟨AB12⟩⟨AB34⟩
⟨AB14⟩⟨AB23⟩

due to dual conformal invariance of the integrand.
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A Third Loop

We denote:

FL(z) =

∫

all but one

Ω̃L ⇒ F(g , z) =
∞∑

L=1

FL(z)g
2L

Wilson loop ↔ amplitude duality tells us that this quantity is

<latexit sha1_base64="QPoEOqzoJVni3BrqkR/PgcC387s=">AAAB/3icbVDLSgNBEOyNr7i+VgUvXgazQgQJuwHRixAUxGME84BkCbOTSTJk9sHMrBDXHPwVLx4U8epvePNvnCR70GhBQ1HVTXeXH3MmleN8GbmFxaXllfyquba+sbllbe/UZZQIQmsk4pFo+lhSzkJaU0xx2owFxYHPacMfXk78xh0VkkXhrRrF1AtwP2Q9RrDSUsfas20zbRPM0dW42D++P0LnyLTtjlVwSs4U6C9xM1KADNWO9dnuRiQJaKgIx1K2XCdWXoqFYoTTsdlOJI0xGeI+bWka4oBKL53eP0aHWumiXiR0hQpN1Z8TKQ6kHAW+7gywGsh5byL+57US1TvzUhbGiaIhmS3qJRypCE3CQF0mKFF8pAkmgulbERlggYnSkZk6BHf+5b+kXi65JyXnplyoXGRx5GEfDqAILpxCBa6hCjUg8ABP8AKvxqPxbLwZ77PWnJHN7MIvGB/fJCKS8g==</latexit>F(g, z) =

[Drummond, Korchemsky, Sokatchev, Alday,

Buchbinder, Tsytelin, Engelund, Roiban,

Henn, Sikorowski, Korchemsky, Mistlberger,

Chicherin...]

This integrand F(g , z) can be used to obtain Γcusp.
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Known Asymptotic Behaviour
Results from integrability, but no strong coupling results from amplitudes:

[Beisert, Eden, Staudacher]

F(g , z) →
{
−g2 + g4(log2 z + π2) + · · · g ≪ 1

g z
(z−1)3

(2(1− z) + (z + 1) log z) + · · · g ≫ 1

As we saw this is related to a particular ratio of Wilson loops.
[Alday, Henn, Sirkowski] [Henn, Korchemsky, Mistlberger]

Γ(g) →
{
4g2 − 8ζ2g

4 + · · · g ≪ 1

2g − 3 log 2
2π + · · · g ≫ 1

Perturbative regime results can be reproduced from amplitudes.
[Bern, Czakon, Dixon, Kosower, Smirnov]

Strong coupling regime results can be reproduced from minimal surface
anchored to the boundary at a null polygon.

[Benna, Benvenuti, Klebanov, Scardicchio] [Basso,Korchemsky, Kotanski]

[Alday, Buchbinder, Tsytelin]
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This Talk

1. Can we get all-loop results for F(z) and Γcusp?

2. Can we capture g ≫ 1 behaviour from the all-loop integrand given
via the amplituhedron?

3. Can we better understand the function space of F(z) and the number
space of Γcusp?
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Method: Amplituhedron

The amplituhedron is a polytope in twistor space whose canonical form
(“volume”) gives tree amplitudes and loop integrands in N = 4 SYM.

[Arkani-Hamed, Trnka]
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Four-Point Amplituhedron∗

At L-loop, introduce L lines in momentum twistor space,

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1
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<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4
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AB1
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AB2
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AB3

Zi → External momentum twistors
ABi → Loop lines

Zi satisfy ⟨1234⟩ > 0, while ABi satisfy the following conditions:

⟨ABiaa+1⟩ > 0 ⟨ABi13⟩ < 0 ⟨ABi24⟩ < 0 ⟨ABiABj⟩ > 0

We are looking for a canonical form on the space carved out by these
inequalities i.e. a form that has logarithmic singularities on all the
boundaries and at no other location.
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Negative Geometries
Use the relation:
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<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>= ⇒

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)
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Negative Geometries
Use the relation:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>= ⇒

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)
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Negative Geometries
Use the relation:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

To express the amplituhedron in loop space in terms of these negative
links:

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

A trick familiar to us from Feynman graphs gives

<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp
<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>= ⇒

<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =
X

G

(�1)E(G)
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Negative Geometries
Clearly the negative geometry expansion organizes itself by

▶ No. of loops L = no. of nodes (controlled by ’t Hooft coupling g)
▶ No. of cycles = no. of loops of loops (controlled by ?)

Ω̃(1) = • , Ω̃(2) = − •• , Ω̃(3) =
•

•
•︸ ︷︷ ︸
Ω̃tree
3

+
•

•
•︸ ︷︷ ︸
Ω̃1-cycle
3

,

Ω̃(4) = − •
•

•
•

− •
•

•
•︸ ︷︷ ︸

Ω̃tree
4

+
•
•

•
•

+
•
•

•
•︸ ︷︷ ︸

Ω̃1-cycle
4

− •
•

•
•︸ ︷︷ ︸

Ω̃2-cycle
4

+
•
•

•
•︸ ︷︷ ︸
Ω̃3-cycle
4

Shruti Paranjape One-Cycle Negative Geometries Prague Spring Amplitudes 2026 11 / 30



Motivation: Ladder and Tree Resummation
[Arkani-Hamed, Henn, Trnka]

Results:

F ladder(g , z)
g≫1−→ 0 , Γladder(g)

g≫1−→ 4
√
2g − 4

log 2

π
+

4

π
e−2

√
2πg + · · ·

F tree(g , z)
g≫1−→ −z

(1 + z)2
, Γtree(g)

g≫1−→ 8

π
g +

1

π

1

g
+ · · ·

Fknown(g , z)
g≫1−→ O(g) , Γknown(g)

g≫1−→ 2g − 3 log 2

2π
+ · · ·

How does this compare to known perturbative results from integrability?

Does 1-loop in loop space bring us closer? Our aim!
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Fixing Integrands

[Arkani-Hamed, Trnka]

In practice, calculating this volume form involves triangulation which is
non-trivial. One can instead take an algebraic approach of requiring:

1. Cuts that violate the positivity or negativity of the links or vertices:
Involve at most one link i.e. two vertices at a time.

2. Cuts that expose a double pole: Involve all vertices in a cycle.
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Tree Result

<latexit sha1_base64="HT8EkPP27ydu+XnBCN0IfYDdkRk=">AAACBXicbVA9SwNBEN2LX/H8ilpqsZgIVuEuINoIAQvtjGA+IInH3mYuWbJ7d+zuCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz485U9pxvq3c0vLK6lp+3d7Y3NreKezuNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJz4zQeQikXhnR7F0BWkH7KAUaKN5BUOSyW7cyOgT7yr+7QjBdYSYIwvsF0qeYWiU3amwIvEzUgRZah5ha9OL6KJgFBTTpRqu06suymRmlEOY7uTKIgJHZI+tA0NiQDVTadfjPGxUXo4iKSpUOOp+nsiJUKpkfBNpyB6oOa9ifif1050cN5NWRgnGkI6WxQkHOsITyLBPSaBaj4yhFDJzK2YDogkVJvgbBOCO//yImlUyu5p2bmtFKtOFkceHaAjdIJcdIaq6BrVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A8hKliA=</latexit>

⌦tree
G =

<latexit sha1_base64="XHMYz73QV+zTyXZ/NTJg+HhIyVY="></latexit>

=
dµ NGQ

i Di · QlinkshABiABji

NG =⟨1234⟩L+1 ×
∏

pos links

N
(+)
ij ×

∏

neg links

N
(−)
ij

N
(+)
ij ≡ ⟨ABi12⟩⟨ABj34⟩+ cyc

N
(−)
ij ≡ ⟨ABi13⟩⟨ABj24⟩+ ⟨ABi24⟩⟨ABj13⟩
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

NG =
∏L

i=1 N
(−)
i,i+1 + (−1)LR1−loop

L

R1−loop
L =

{
(2L−4)N

(a)
1 N

(a)
2 · · ·N(a)

L

−
∑

p∈even

∑

i

{
N

(a)
i1i2...ip

N
(c)
i1i2...ip

N
(a)
ip+1 · · ·N

(a)
iL

}}
+(a→b)

N
(a)
12...p =

∏

j∈odd

⟨ABj12⟩
∏

k∈even

⟨ABk34⟩+
∏

j∈odd

⟨ABj34⟩
∏

k∈even

⟨ABk12⟩

N
(b)
12...p =

∏

j∈odd

⟨ABj23⟩
∏

k∈even

⟨ABk14⟩+
∏

j∈odd

⟨ABj14⟩
∏

k∈even

⟨ABk23⟩

N
(c)
12...p =

∏

j∈odd

⟨ABj13⟩
∏

k∈even

⟨ABk24⟩+
∏

j∈odd

⟨ABj24⟩
∏

k∈even

⟨ABk13⟩

[Brown, Oktem, SP, Trnka]
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1-Loop Result

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3
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AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

NG =
∏L

i=1 N
(−)
i,i+1 + (−1)LR1−loop

L

R1−loop
L =

{
(2L−4)N

(a)
1 N

(a)
2 · · ·N(a)

L

−
∑

p∈even

∑

i

{
N

(a)
i1i2...ip

N
(c)
i1i2...ip

N
(a)
ip+1 · · ·N

(a)
iL

}}
+(a→b)

N
(a)
12...p =

∏

j∈odd

⟨ABj12⟩
∏

k∈even

⟨ABk34⟩+
∏

j∈odd

⟨ABj34⟩
∏

k∈even

⟨ABk12⟩

N
(b)
12...p =

∏

j∈odd

⟨ABj23⟩
∏

k∈even

⟨ABk14⟩+
∏

j∈odd

⟨ABj14⟩
∏

k∈even

⟨ABk23⟩

N
(c)
12...p =

∏

j∈odd

⟨ABj13⟩
∏

k∈even

⟨ABk24⟩+
∏

j∈odd

⟨ABj24⟩
∏

k∈even

⟨ABk13⟩

[Brown, Oktem, SP, Trnka]
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Moving Forward
Ideally, we have the pipeline: But for 1-cycle L-loop, the integrated result
is not known.

F(g , z)
Γcusp(g)

New full 4-loop:

[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Triangles and Friends
The 3-loop and 4-loop (new!) cycle (i.e. the triangle and square negative
geometries) are known. We can use differential equations to find
triangle/box + branches.

1

2
(z∂z)

2 ⊗ = ⊗

To solve the differential equations, we use

▶ The boundary condition

F(z → −1) = 0

▶ The fact that the 3-loop 1-cycle result only contains harmonic
polylogarithms (HPLs).

This gives us all integrals of the type:
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB

[Brown, Oktem, SP, Trnka]
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Integrated Results: Single Branch

•
•

• •

F△,1(z) = 8H0,0,0,0,0,0(z) + 8H0,0,−1,0,0,0(z)−16H0,0,−1,−1,0,0(z)

+ 8H0,0,−2,0,0(z)− 8ζ3(2H0,0,−1(z)− H0,0,0(z))

+ 4π2(H0,0,−1,0(z)− H0,0,−1,−1(z) + H0,0,−2(z)) + 13ζ4 log
2(z)

+ C3,1 log(z) + D3,1 ,

To fix the constants that, we impose the boundary conditions

C3,1 = 8ζ5 + 24ζ2ζ3

D3,1 = −8ζ23 + 155ζ6.
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Integrated Results: n-Branch Triangle

• •

•

• • • · · ·

F△,n(z) = (−1)n

[
8H0⃗2n,0,0,0,0

(z) + 8H0⃗2n,−1,0,0,0(z)−16H0⃗2n,−1,−1,0,0(z)+8H0⃗2n,0,−1,0,0(z)

− 16ζ3 H0⃗2n,−1(z) + 4π2
(
H0⃗2n,−1,0(z)− 2H0⃗2n,−1,−1(z) + H0⃗2n,−2(z)

)
+ 26ζ4

1

(2n)!
log2n(z) + 8ζ3

1

(2n + 1)!
log2n+1(z)

+
n∑

k=1

(−1)k
(

Ck

[2(n − k) + 1]!
log z2(n−k)+1 +

Dk

[2(n − k)]!
log z2(n−k)

)]
.

where the constants are fixed recursively using the boundary conditions.

Note: Only harmonic polylogarithms appear here i.e. the symbol letters
are z , z + 1.

[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Extracting Γcusp

We have another integral to perform,

g
∂

∂g
Γcusp =

∮
F (z)dz

Integrating gives,

g2 g4 g6 g8 g10 g12 g14

Γtree/Γtrue 1 1 1.091 1.198 1.353 1.579 1.893

Γ△,n/Γtrue 0 0 -0.091 -0.053 -0.059 -0.074 -0.097

Γtree,△,n/Γtrue 1 1 1 1.145 1.294 1.505 1.796

[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Γcusp for n-branch Triangle

Γcusp(F3,n(z)) = −4g2(n+3)

(n + 3)

(
αn + 32 (−1)n+1

n∑

k=1

k f2(n−k)+3,2k+1

+ (−1)n+1
n∑

j=0

ξj+1π
2j

n−j∑

k=1

k(2k − 1) f2(n−j−k)+3,2k+1

)
,

where αn is purely made of even zeta values, i.e. powers of π.

It is clear that this result has uniform transcendentality of 2n+4 i.e. 2L.

It also has MZV’s which are presumed to cancel in the full sum. 5-loop is
the first order at which we can test such a cancellation.

Similar formula available for box + n-branch.
[Dixon, Oktem, SP, Trnka, Zhang, Xu] (to appear)
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Some 5-loop contributions

Consider the following two 5-loop contributions explicitly:

Γcusp


 •

•
• • •⊗


 =

4g10

5

(
−448

5
ζ5,3 −

1

3
32π2ζ23 − 640ζ5ζ3 +

9944π8

70875

)

Γcusp



•

•

•

•
⊗


 =

4g10

5

(
406888

45
ζ8+384ζ2ζ

2
3−7680ζ3ζ5−

13056

5
ζ5,3

)

Both of these have MZV’s that will have to cancel against the other
contributions.
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Resumming Γcusp
Since we know the resummation of the ladder, we can use it to calculate
the resummation of an infinite series of contributions to the cusp
anomalous dimension:

∮
F△(z)Fladder(z) = g

∂

∂g
Γcusp

[

• •

•

• • • · · ·

]

Γcusp
g≫1∼ − 88

225
π3

√
2g5 +O(g4)

Does this mean that the expansion will not work at strong coupling?
Maybe, but this is not all 1-cycle contributions.

The contribution from the box is
∮
F□(z)Fladder(z) = g

∂

∂g
Γcusp

[

• •

• •

• • • · · ·

]

g≫1∼ 3152
√
2π5

6615
g7 +O(g4)

Suggestive that 1-cylce contributions could resum?
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Higher-loop 1-cycle

For both

▶ MZV cancellation

▶ Resummation of gamma cusp contributions

we find that it would be useful to go to higher loop order within the class
of 1-cycle geometries.

Where can we start thinking about other 1-cycle contributions? n-gons

⊗
AB0

AB1

AB2

AB3

ABL−1

ABL

What can we attempt to say about them? Singularities i.e. are they HPL?
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Geometric Landau Analysis for 1-Cycle Geometries

Landau equations:

Cut conditions: αeq
2
e = 0 for every edge

Pinch conditions:
∑

e αeq
µ
e = 0 for each loop

Loci can be represented by a Landau diagram:

2

3

1 2

24

1

3

4
3

AB1AB0 AB2

AB3

AB4 AB5 · · ·

4

21

13 2

3

ABL−1 ABL AB0

[Dennen, Prlina, Spradlin, Stanojevic, Volovich]

[Chicherin, Henn, Mazzucchelli, Trnka, Yang, Zhang]
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Proof of z = 0,−1,∞ as singularities

▶ Bubbles and triangles can be eliminated

ABi−1 ABi

X

ABi+1 ,
ABi−1

ABi

ABi+1

X

→ ABi−1 ABi+1

X

▶ Bubbles and triangles can be eliminated.

▶ Hexagons have no solution.

▶ Pentagons can be eliminated by considering the cases of what the
pentagon is attached to : four-mass box (no solution), three-mass box
(singularity at z = −1) or a pentagon (repeat argument recursively).

▶ Three pentagons in a row: no solution.

1

1

2

4

3

3

AB1AB0 AB2 · · ·

1

4

2

3

3

AB1AB0

AB2 · · ·

▶ Bubbles and triangles can be eliminated.

▶ Hexagons have no solution.

▶ Pentagons only lead to z = −1.

▶ First loop is on a 4-mass box: has a solution for z = 0,∞.

▶ First loop is on a 3-mass box: Second loop can only be an “opposite”
3-mass box, or else z = 0 is a solution, and the two 3-mass boxes
together only have a solution for z = 0,−1,∞.

AB0 AB1 AB2 AB3

1

2

2 3

3 4

4

1

▶ Bubbles and triangles can be eliminated.

▶ Hexagons have no solution.

▶ Pentagons only lead to z = −1.

▶ First loop is on a 4-mass box: z = 0,∞.

▶ First loop is on a 3-mass box: z = 0,−1,∞.

The only Landau singularities are at z = 0,−1,∞!
[SP, Skowronek, Spradlin, Volovich, Weng]
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Caveat: Other letters

•

•

•x

Symbol(I3,2) =

12
(
8 SB(z , z , z , z , b, b) + 2 SB(z , z , z , b, z , b) + 2 SB(z , z , z , b, b, z)

+ 28 SB(z , z , z , z , z , z) + 8 SB(z , z , z , z , z , 1+z) + 16 SB(z , z , z , z , 1+z , z)

− 8 SB(z , z , z , z , 1+z , 1+z) + 18 SB(z , z , z , 1+z , z , z)− 2 SB(z , z , z , 1+z , z , 1+z)

− 2 SB(z , z , z , 1+z , 1+z , z) + 30 SB(z , z , 1+z , z , z , z)− 6 SB(z , z , 1+z , z , z , 1+z)

− 22 SB(z , z , 1+z , z , 1+z , z)− 32 SB(z , z , 1+z , 1+z , z , z)
)
,

where

b =
1 + i

√
z

1− i
√
z
.

The additional letter b shows up in individual negative geometries (starting
from 4th entry), but drops out in the F (3) after sum.
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Features of the Result

▶ Γcusp for tree graphs at L-loop has transcendentality 2L with single
zeta values, but no MZVs.

▶ As the number of cycles increases, the depth of the MZVs also
increase e.g. 1-cycle has MZVs of depth up to 2.

▶ Known integrated 1-cycle results are made of HPL’s rather than
GPL’s (spurious letters that appear at higher-cycle cancel). We can
now prove the the only letters are z , 1 + z and b.

▶ Higher the weight of the seed HPL, higher the expected g power of
the resummed contribution at strong coupling.

▶ Geometric series contribute at sub-leading order in strong coupling.

⊗ − g4

2!

•
•

⊗ +
g8

8

••

••
⊗ − g12

48

••

••

•
•

⊗ · · ·
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Future Directions

▶ Can the other 1- or higher-cycle integrands be integrated?

▶ Can all 1-cycle contributions be resummed?

▶ If yes, will that give us a “better approximation” to the cusp
anomalous dimension at strong coupling?

▶ Can we use cuts of the integrand to understand which combinations
of graph symbols do not depend on b?

▶ Can geometric Landau analysis be used for all 1-cycle geometries to
show that the only singularities are at z = 0,−1,∞?

...
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Děkuju!
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